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Some new criteria for the oscillation of certain neutral difference equations of
the form,
i w xD x q ax y bx s c qx q px , c s "1, i s 1, 2, 3 .n nym nqk nyg nqh
are established. Q 1998 Academic Press
1. INTRODUCTION
This article is concerned with the oscillatory behavior of neutral differ-
ence equations of the form,
i w xD x q ax y bx s c qx q px , E , c .  .n nym nqk nyg nqh i
where c s "1, i s 1, 2, 3 a, b, p, and q are nonnegative real numbers, g,
h, m, and k are nonnegative integers and are multiples of i.
Let D be the first order forward difference operator D x s x y xn nq1 n
and for i G 1, let Di be the ith order forward difference operator Di x sn
 iy1 .  4  .D D x . A solution x of Eq. E , c is said to oscillate, if for everyn n i
n G 0 there exists n G n such that x x F 0. Otherwise, the solution0 0 n nq1
is called nonoscillatory.
There has been a lot of interest in the oscillations of difference equa-
w xtions of different order. See, for example, 5]8, 10]14 and the references
cited therein. For the general theory of difference equations the reader is
w xreferred to the monographs 1, 2 .
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Our aim in this article is to establish some sufficient conditions, involv-
ing the coefficients and the arguments only, under which all solutions of
 .Eq. E , c oscillate. The advantage of working with these conditions ratheri
than the characteristic equations associated with the equations under
considerations, namely,
i ym k yg hw xl y 1 1 q al y bl s c ql q pl , c s "1, i s 1, 2, 3 .
* .
is that they are explicit and therefore, easily verifiable, although determin-
 .ing whether or not a positive root to Eq. * exists is quite a problem in
itself. Furthermore, our technique is given in such a way that is can be
extended in a straightforward manner to the case of neutral difference
equations with variable coefficients.
 .The analogue of Eq. E , c in the continuous case is the neutrali
functional differential equations,
di
w x w xx t q ax t y m y bx t q k s c qx t y g q px t q h , .  .  . .idt
N , c .i
i s 1, 2, 3 and c s "1, a, b, g, h, m, k, p, and q are nonnegative real
 .numbers. The oscillatory behavior of Eq. N , c , i G 1, c s "1, wasi
w xintensively studied by many authors. We refer to 3, 4, 7 and the refer-
ences cited therein.
2. MAIN RESULTS
The following lemma is needed in the proof of our main results and is
w x w xextracted from 7, 10 and the discrete analogue of the results in 9 .
LEMMA 1. Assume that q is a positi¨ e real number and that k is a positi¨ e
integer and is a multiple of i. Then the following statements hold:
 .a If
ky iii k y i .
q ) , for k ) i , a .1kk
then the difference inequality,
Di y G qy , i G 1 I .n nqk 1
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 4 jhas no e¨entually positi¨ e solution y which satisfies D y G 0 e¨entually,n n
j s 0, 1, . . . , i.
 .b If
i ik k
q ) , k G 1, b .1kqik q i .
then the difference inequality,
i iy1 D y G qy , i G 1 I .  .n nyk 2
 4  . j jhas no e¨entually positi¨ e solution y which satisfies y1 D y ) 0 e¨entu-n n
ally, j s 0, 1, . . . , i.
 .  .Proof. a Assume for the sake of contradiction that inequality I1
 4 jhas an eventually positive solution y which satisfies D y ) 0 eventually,n n
j s 0, 1, . . . , i. Set q s pi, k s t i where t is an integer, and
w s Diy1 y q pDiy2 y q ??? qpiy1 y .n n nqt nq iy1.t
Then eventually
w ) 0. a .n 2
Observe that
Dw s Di y q pDiy1 y q ??? qpiy1D y ,n n nqt nq iy1.t
and therefore,
Dw y pw s Di y y pi y G 0.n nqt n nqit
That is
Dw y pw G 0 eventually. I .n nqt 3
 . w x  .But because of a and 7, Theorem 7.6.1 , inequality I cannot have an1 3
 .eventually positive solution. This contradicts a and completes the proof2
 .of part a .
 .  .b Assume that inequality I has an eventually positive solution2
 4  . j j iy which satisfies y1 D y ) 0 eventually, j s 0, 1, . . . , i. Set q s p ,n n
k s s i where s is an integer, and
¨ s Diy1 y y pDiy2 y q ??? qpiy1 y .n n nys ny iy1.s
Then eventually
¨ ) 0. b .n 2
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 .  .Also, in view of I and b ,2 2
D¨ q p¨ F 0 eventually. I .n nys i 4
 . w x  .But because of b and 7, Theorem 7.6.1 , inequality I cannot have an1 4
 .eventually positive solution. This contradicts b and completes the proof2
 .of part b .
The following two theorems are concerned with the oscillatory behavior
 .  .of Eqs. E , 1 and E , y1 , respectively.1 1
THEOREM 1. Let b ) 0, h ) 1, and r s g q k G 1. If
q r r
) , r G 1, 1 .1q rb 1 q r .
and
hy1p h y 1 .
) , h ) 1, 2 .h1 q a h
 .then Eq. E , 1 is oscillatory.1
 .Proof. Assume for the sake of contradiction that Eq. E , 1 has an1
 4eventually positive solution x , say x ) 0 for n G n G 0. Setn n 0
y s x q ax y bx . 3 .n n nym nqk
Then
D y s qx q px G 0, for n G n G n , 4 .n nyg nqh 1 0
 4  .which implies that y is eventually of one sign. Therefore, either An
 .y - 0 eventually, or B y ) 0 eventually.n n
 .A Assume y - 0 for n G n . Setn 1
0 - ¨ s yy s bx y ax y x F bx . 5 .n n nqk nym n nqk
There exists n G n such that2 1
1
x G ¨ , for n F n . 6 .n nyk 2b
 .  .Using 6 in 4 , we have
q
D¨ q ¨ F 0, for n G n . 7 .n ny gqk . 2b
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 .  .  .But in view of Lemma 1 b and condition 1 , the inequality 7 has no
eventually positive solution, a contradiction.
 .B Assume y ) 0 for n G n . Setn 1
w s y q ay y by . 8 .n n nym nqk
Then
Dw s qy q py , 9 .n nyg nqh
and
D w q aw y bw s qw q pw . 10 .  .n nym nqk nyg nqh
Because y ) 0 and D y ) 0 for n G n , we have D jw ) 0, j s 1, 2 forn n 1 n
n G N G n and hence, we see that D jw ) 0, j s 0, 1, 2, n G N . Using1 1 n 1
 4  .the fact that Dw is increasing for n G N in 10 , we haven 1
1 q a Dw G pw , . n nqh
or
p
Dw G w , for n G N . 11 .n nqh 11 q a .
 .  .  .But in view of Lemma 1 a and condition 2 , the inequality 11 has no
eventually positive solution, a contradiction. This completes the proof.
THEOREM 2. Let b ) 0, s s g y m G 1, and t s h y k ) 1. If
q s s
) , s G 1, 12 .1qs1 q a 1 q s .
and
ty1p t y 1 .
) , t ) 1, 13 .tb t
 .then Eq. E , y1 is oscillatory.1
 4  .Proof. Let x be an eventually positive solution of Eq. E , y1 , sayn 1
 .x ) 0 for n G n . Define y by 3 and obtainn 0 n
D y s yqx y px F 0, for n G n G n . 14 .n nyg nqh 1 0
 .However, as in the proof of Theorem 1, we consider the two cases A
 .and B .
 .  .  .A Assume y - 0 for n G n . Set ¨ as in 5 and obtain 6 . Usingn 1 n
 .  .6 in 14 we have
p
D¨ G ¨ , for n G n G n .n nqhyk . 2 1b
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 .The rest of the proof is similar to the proof of Theorem 1 B and hence is
omitted.
 .  .B Assume y ) 0 for n G n . Set w as in 8 and obtainn 1 n
Dw q qy q py s 0,n nyg nqh
and
D w q aw y bw q qw q pw s 0. 15 .  .n nym nqk nyg nqh
Clearly Dw - 0 and D2 w ) 0 for n G N G n . There are two possibili-n n 1 1
 .  .ties to consider: i w - 0 eventually, and ii w ) 0 eventually.n n
 .i Suppose that w - 0 for n G N . Setn 1
0 - W s yw s by y ay y y F by .n n nqk nym n nqk
 .The rest of the proof is similar to the proof of case A and hence is
omitted.
 .  4ii Suppose that w ) 0 for n G N . Using the fact that yDw isn 1 n
 .decreasing for n G N in 15 we have1
1qa Dw qqw FD w qaw ybw qqw qpw s0, .  .nym nyg n nym nqk nyg nqh
or
q
Dw q w F 0, for n G N .n ny gym. 11 q a
 .The rest of the proof is similar to that of Theorem 1 A and hence is
omitted.
 .Next, we consider Eq. E , c , c s "1 and we obtain the following2
oscillation criteria.
THEOREM 3. Let b ) 0, s s g y m G 1, and h ) 2. If
q 4 s s
) , s G 1, 16 .2qs1 q a 2 q s .
and
hy2p 4 h y 2 .
) , h ) 2, 17 .h1 q a h
 .then Eq. E , 1 is oscillatory.2
 4  .Proof. Let x be an eventually positive solution of Eq. E , 1 , sayn 2
 .x ) 0 for n G n G 0. Set y as in 3 . Thenn 0 n
D2 y s qx q px G 0, for n G n G n , 18 .n nyg nqh 1 0
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which implies that Di y , i s 0, 1 are eventually of one sign. Therefore, then
 .  .two cases A and B in the proof of Theorem 1 are considered.
 .  .A Assume y - 0 for n G n . Let ¨ be defined as in 5 andn 1 n
 .  .obtain 6 , and hence 18 , takes the form,
q
2D ¨ q ¨ F 0, for n G n . 19 .n nygyk 2b
Because D¨ ) 0 for n G n , there exist n G n and c ) 0 such thatn 2 3 2 1
¨ G c , for n G n . 20 .nygyk 1 3
 .  .Using 20 in 19 and summing from n to N y 1 G n we have3 3
q
0 - D¨ F D¨ y c N y n ª y`, as N ª `, .N n 1 33 b
a contradiction.
 .  .B Assume y ) 0 for n G n . Let w be defined as in 8 . Thenn 1 n
D2 w s qy q py , 21 .n nyg nqh
and
D2 w q aw y bw s qw q pw . 22 .  .n nym nqk nyg nqh
 .  .There are two possibilities to consider: i D y ) 0 eventually, and iin
D y - 0 eventually.n
 . iSuppose that i holds. Then D w ) 0, i s 2, 3 for n G N G n , andn 1 1
hence we obtain
Di w ) 0, i s 0, 1, 2, 3, and n G N . 23 .n 1
 2 4  .Using the fact that D w is an increasing sequence for n G N in 22 wen 1
have
p
2D w G w , n G N . 24 .n nqh 11 q a
 .  .  .But in view of Lemma 1 a and condition 17 , inequality 24 has no
 4  .eventually positive solution w satisfying 23 , a contradiction. Next,n
 .  . 2 3suppose that ii holds. From 21 , we see that D w ) 0 and D w - 0 forn n
 .n G N G n . Therefore, we have three possibilities to consider: I w - 0,2 1 n
 .  .Dw - 0 eventually, II w ) 0, Dw ) 0 eventually, and III w ) 0,n n n n
Dw - 0 eventually.n
 .  .The proof of case I is similar to the proof of case A presented in the
previous text hence is omitted.
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 .II Let w ) 0 and Dw ) 0 for n G N . However, in the proof ofn n 2
 . .  2 4case B i and the fact that the sequence D w is decreasing for n G N ,n 2
we obtain
p
2D w G w ,nym nqh1 q a
or
p
2D w G w , for n G N .n nqhqm 21 q a
 4Because the sequence w is increasing for n G N , we see thatn 2
p
2D w G w , for n G N .n nqh 21 q a
 . .The rest of the proof is similar to that of case B i and hence is omitted.
 .  4III Let w ) 0 and Dw - 0 for n G N . Then the sequence wn n 2 n
satisfies
i iy1 D w ) 0, i s 0, 1, 2, 3, and n G N . 25 .  .n 2
 .From 10 , we have
q
2D w G w , for n G N . 26 .n ny gym. 21 q a
 .  .  .But, in view of Lemma 1 b and condition 16 , inequality 26 has no
 4  .eventually positive solution w satisfying 25 , a contradiction. This com-n
pletes the proof.
THEOREM 4. Let b ) 0, t s h y k ) 2, and r s g q k G 1. If
q 4 r r
) , r G 1, 27 .2q rb 2 q r .
and
ty2p 4 t y 2 .
) , t ) 2, 28 .tb t
 .then Eq. E , y1 is oscillatory.2
 4  .Proof. Let x be an eventually positive solution of Eq. E y1 , sayn 2
 .x ) 0 for n G n G 0. Next, define y by 3 and obtainn 0 n
D2 y s y qx q px F 0, for n G n G n , 29 .  .n nyg nqh 1 0
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which implies that Di y , i s 0, 1, 2 are eventually of constant sign. The twon
 .  .possibilities A and B in the proof of Theorem 3 are considered:
 .  .  .  .A Let y - 0 for n G n . Set ¨ as in 5 and obtain 6 . Then 29n 1 n
takes the form,
q p
2D ¨ G ¨ q ¨ , for n G n G n .n ny gqk . nqhyk . 2 1b b
Therefore, D¨ is eventually positive or eventually negative. If D¨ ) 0 forn n
n G n , then2
p
2D ¨ G ¨ , n G n .n nqt 2b
Also, if D¨ - 0, n G n , thenn 2
q
2D ¨ G ¨ , n G n .n nyr 2b
 .The rest of the proof is similar to that of Theorem 3 B and hence is
omitted.
 .B Let y ) 0 for n G n . Then D y ) 0 for n G n G n . Next, letn 1 n 2 1
 .w be defined as in 8 . Thus,n
D2 w q qy q py s 0, n G n . 30 .n nyg nqh 2
Clearly D3 w - 0 and D2 w - 0 for n G n and hence we conclude thatn n 2
Dw - 0 and w - 0 for n G n . Now, setn n 2
0 - W s yw s by y ay y y F by ,n n nqk nym n nqk
and hence we obtain
1
y G W , forn G N G n . 31 .n nyk 2b
 .  .Using 31 in 30 , we have
p
2D W G W , n G N.n nqhykb
 . .The rest of the proof is similar to that of Theorem 3 B i and hence is
omitted.
Finally, we give the following two criteria for the oscillation of Eq.
 .E , c , c s "1.3
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THEOREM 5. Let b ) 0, r s g q k G 1, and h ) 3. If
q 27r r
) , r G 1, 32 .3q rb 3 q r .
and
hy3p 27 h y 3 .
) , h ) 3, 33 .h1 q a h
 .then Eq. E , 1 is oscillatory.3
 4  .Proof. Let x be an eventually positive solution of Eq. E , 1 , sayn 3
 .x ) 0 for n G n G 0. Let y be as in 3 . Thenn 0 n
D3 y s qx q px G 0, for n G n G n , 34 .n nyg nqh 1 0
which implies that Di y , i s 0, 1, 2, 3 are eventually of one sign. However,n
 .  .in the proof of Theorem 1, we consider the two cases A and B .
 .  .  .A Assume y - 0 for n G n . Set ¨ as in 5 and obtain 6 . Thus,n 1 n
q
3D ¨ q ¨ F 0, for n G n G n . 35 .n nygyk 2 1b
 .  .There are two possibilities: i D¨ ) 0 eventually ii D¨ - 0 eventually.n n
 .  .If i holds, then there exist n G n and c ) 0 such that 20 holds. Using3 2 1
 .  .20 in 35 and summing from n to N y 1 G n we have3 3
q
3 30 - D ¨ F D ¨ y c N y n ª y`, as N ª `, .N n 1 33 b
which is a contradiction.
 .  4Next, if ii holds, then the sequence ¨ satisfiesn
i iy1 D ¨ ) 0, i s 0, 1, 2, 3, and n G n . 36 .  .n 2
 .  .  .But, in view of Lemma 1 b and condition 32 , the inequality 35 has no
 4  .eventually positive solution ¨ satisfying 36 , a contradiction.n
 .B Assume y ) 0 for n G n . Then there exists n G n such thatn 1 2 1
 .D y ) 0 for n G n . Now let w be as in 8 . Thenn 2 n
D3 w s qy q py , 37 .n nyg nqh
and
D3 w q aw y bw s qw q pw . 38 .  .n nym nqk nyg nqh
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 . iFrom 37 , we see that D w ) 0 for i s 3, 4, n G n and hence we haven 2
Di w ) 0, i s 0, 1, 2, 3, 4, and n G n . 39 .n 2
 .  .Using 39 in 38 , we obtain
p
3D w G w , n G n . 40 .n nqh 21 q a
 .  .  .But, in view of Lemma 1 a and condition 33 , the inequality 40 has no
 .eventually positive solution satisfying 39 , a contradiction. This completes
the proof.
THEOREM 6. Let b ) 0, s s g y m G 1, and t s h y k ) 3. If
q 27s s
) , s G 1, 41 .3qs1 q a 3 q s .
and
ty3p 27 t y 3 .
) , t ) 3, 42 .tb t
 .then Eq. E , y1 is oscillatory.3
 4  .Proof. Let x be an eventually positive solution of Eq. E , y1 , sayn 3
 .x ) 0 for n G n G 0. Define y by 3 and obtainn 0 n
D3 y s yqx y px F 0, for n G n G n , 43 .n nyg nqh 1 0
which implies that Di y , i s 0, 1, 2, 3 are eventually of constant sign. Then
 .  .two cases A and B in the proof of Theorem 5 are also considered:
 .  .  .A Suppose y - 0 for n G n . Set ¨ as in 5 and obtain 6 . Thus,n 1 n
p
3D ¨ G ¨ , for n G n G n . 44 .n nqhyk . 2 1b
There exists n G n such that D¨ ) 0 for n G n and D2 ¨ - 0 or3 2 n 3 n
D2 ¨ ) 0 for n G n . If D2 ¨ - 0, n G n , there exists n G n and c ) 0n 3 n 3 4 3 2
such that
¨ G c , for n G n . 45 .nqhyk 2 4
 .  .Using 45 in 44 and summing from n to N y 1 G n we have4 4
p
2 20 ) D ¨ G D ¨ q c N y n ª `, as N ª `, .N n 2 44 b
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2  4a contradiction. Next, if D ¨ ) 0 for n G n , then the sequence ¨n 3 n
satisfies Di¨ , i s 0, 1, 2, 3 and n G n . The rest of the proof is similar ton 3
 .that of Theorem 5 B and hence is omitted.
 .  .B Suppose y ) 0 for n G n . Define w by 8 and obtainn 1 n
D3 w q qy q py s 0, 46 .n nyg nqh
and
D3 w q aw y bw q qw q pw s 0. 47 .  .n nym nqk nyg nqh
Now, if D y ) 0, n G n G n , then, D4 w - 0 and D3 w - 0 for n G nn 2 1 n n 2
and hence w ª y` as n ª `. There exists N G n such that w - 0 forn 2 n
 .n G N. Set W s yw and proceed as in case A in the preceding text,n n
and we arrive at a contradiction. Finally, if D y - 0 for n G n , one cann 2
 4easily see that the sequence w satisfiesn
i iy1 D w ) 0, i s 0, 1, 2, 3, and n G n . 48 .  .n 2
 .  .Using 48 in 47 we have
q
3D w q w F 0, for n G n .n ny gym. 21 q a
 . .The rest of the proof is similar to that of Theorem 5 A ii and hence is
omitted.
The following examples are illustrative:
EXAMPLE 1. Each of the following neutral difference equations,
ie y 1 .
i m yk g yhD x q e x y e x s e x q e x , F . .n nym nqk nyg nqh i2
where i s 1, 2, 3, g, h, m and k are multiples of i, has a nonoscillatory
solution x s en ª ` monotonically as n ª `.n
 .We observe that for i s 1 condition 2 of Theorem 1 is violated, for
 .  .i s 2, condition 17 of Theorem 3 fails and for i s 3 condition 38 of
Theorem 5 also fails.
Remark 1. If p s 0, or conditions involve p in Theorems 1]6 are
violated, one can easily observe that the conclusion of Theorems 1]6 may
 4  .be replaced by: ``Every solution x of each of the Equations E , c ,n i
i s 1, 2, 3, c s "1 is oscillatory or else D j x ª ` monotonically as n ª `,n
j s 0, 1, . . . , i y 1.''
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EXAMPLE 2. Each of the following neutral difference equations,
i1 1
i ym k yg hD x q e x y e x s y 1 e x q e x , H . .n nym nqk nyg nqh i /2 e
where i s 1, 2, 3, g, h, m, and k are multiples of i, has a nonoscillatory
solution x s eyn ª 0 monotonically as n ª `.n
 .We see that for i s 1, condition 2 of Theorem 1 fails, for i s 2,
 .  .condition 16 of Theorem 3 is violated and for i s 3 condition 41 of
Theorem 6 is also violated.
Remark 2. When q s 0, or conditions involve q in Theorems 1]6 are
violated, one can easily see that the conclusions of these theorems may be
 4  .replaced by: ``Every solution x of each of the Equations E , c ,i s 1, 2, 3n i
and c s "1 is oscillatory or else D j x ª 0 monotonically as n ª `,n
j s 0, 1, . . . , i y 1.''
EXAMPLE 3. Each of the following neutral difference equations,
gq ii iy1D x q ax y ax s 2 y1 x q x , O .  .  .  .n nym nqm nyg nqg i
where i s 1, 2, 3, a is a positive real number, m and g are positive
 .nintegers, has an oscillatory solution x s y1 . All conditions of Theo-n
rems 1, 4, and 5 are satisfied for g is odd and also all conditions of
Theorems 2, 3, and 6 are satisfied for g is even.
Remark 3. 1. The results of this article are presented in a form which
is essentially new. We note that the results of this article are not applicable
 .to Eq. E , c , i s 1, 2, 3, c s "1 when p s 0 or q s 0. It is remarkablei
 .that our results are possibly valid if p s 0 or q s 0 but not p s q s 0
provided that either a s 0, b s 0 or a s b s 0. Here we omit the details.
2. By using the same technique presented in this article, one can
 .easily obtain similar criteria for Eq. E , c for a different sign of m and ki
and also for a different sign of a and b. The details are left to the reader.
3. It would be interesting to obtain results similar to these presented
 .here for E , c , i ) 3, c s "1.i
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